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Coated paper for high-quality printing comprises a fine particulate mineral coating, applied as
an aqueous suspension and fixed to the fibrous paper substrate with a binder. The shrinkage
occurring while the coating layer dries onto the substrate has been measured by observing the
deflection of strips of a synthetic substrate coated with ground calcium carbonate with different
binders. The force acting on the surface of the strips to cause a given deflection has been
calculated using the elementary beam theory. The porosities of the dry structures were measured
by compression-corrected mercury porosimetry. We show that the shrinkage occurring during
the drying of the coating layer is mainly due to capillary forces acting as the water recedes in
the porous structure, while the binder can act to retain the stress resulting from such forces.
Starch produced much higher stresses than latex.

Introduction

The application of a coating layer to a base sheet of
paper or board improves its optical and printing proper-
ties such as uniformity in appearance, gloss, opacity,
ink absorption, and spread. The voids within the porous
coating have sufficient capillarity to absorb the solvent
or diluent rapidly from ink and hence allow the ink to
start to set in the brief intervals between successive ink
applications, which are characteristic of a modern
printing press.

A coating layer typically consists of (i) water, so that
the coating can be applied as a particulate suspension;
(ii) pigments, such as ground (GCC) or precipitated
(PCC) calcium carbonates, clays, polymeric pigments
(such as polystyrene), titanium dioxide, silica, or talc;
and (iii) binders, which are needed to provide good
cohesion of the porous structure formed by pigments and
adhesion of this structure to the substrate.

A mixture of pigment and water is referred to as
“slurry”, and a mixture of water, pigment, binder, and
any other additives is known as a “coating color”. A
commercial coating color has a solid content of between
50 and 70% (w/w). This solid content comprises 80-90%
(w/w) of pigment and 10-20% (w/w) of binder. Other
compounds, such as dispersants, are used in lower
percentages to act as stabilizing agents and to make the
components compatible in water suspensions. The par-
ticle diameters of the mineral pigments usually range
from 0.01 to 10 µm. In this work, a layer between 5 and
10 µm thickness was applied to the substrate with a
“draw-down rod”, which had a wire wound around it to
apply a known volume of slurry or coating color. The
layer then underwent progressive drying.

Binders are usually divided into two types: natural
(such as starch or protein) and synthetic [such as
styrene-butadiene (SB), acrylic latex, or poly(vinyl

acetate)]. Natural binders often result in coatings that
have poor optical qualities, partly because of the way
in which the coating shrinks during drying. Synthetic
binders suffer less from this problem, and so, although
they are more expensive, they are becoming increasingly
popular.

If the way in which a coating consolidates during
drying can be understood, then the process can be
controlled and the optical and printing properties
optimized. Groves et al.1 have reviewed techniques for
studying the process experimentally, and other workers
have modeled it.2-4

Watanabe and Lepoutre5 divided the drying process
into three phases, separated by two critical concentra-
tions. The slurry or coating color dries until it reaches
the first critical concentration (FCC), at which a three-
dimensional fluid-filled network is formed and particle
motion is greatly restricted. In the second phase, the
water-air interfaces recede into the surface pores,
forming capillary elements and creating a differential
capillary pressure that causes a shrinkage of the
network. This continues until the second critical con-
centration (SCC) is reached, at which the structure is
rigid and air enters as the liquid retreats. So, it is the
structure ranging from FCC to SCC that is important
with regard to shrinkage forces; before the FCC, par-
ticles are suspended in excess solution with no capillary
forces present, and after the SCC, the positions of the
particles are locked. Ignorance of this locking effect has
often led to incorrect conclusions in the literature,
especially concerning so-called migration of particulate
material, for example, latex as reviewed by Groves et
al.1

In real paper coating applications, the absorbency of
the base sheet is a dominant factor in the absorption of
liquid. Superimposed on this is the evaporation of liquid
from the exposed surface as the coating is dried. The
fibers of natural substrates have a partially plastic
behavior and can rearrange during drying. The fluid
entering the base sheet in real applications comprises
water and dissolved chemicals such as pigment stabi-
lizer, a solution known as “serum”.6 To reduce these
experimental uncertainties and complexities, the samples
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in this study were coated onto an impermeable synthetic
substrate, which had elastic but not plastic behavior.
The weight loss on drying was therefore through
evaporation of water from the surface only.

We report a novel indirect method of measuring the
forces acting during drying. We observed the extent of
curl with respect to the longest dimension of a sample
strip, measured with respect to weight loss.7 This was
converted to a plot of drying stress with respect to
percentage weight loss. The porosities of the dry struc-
tures were measured by mercury porosimetry, corrected
for sample compression. Mechanisms for the drying
within the different coating formulations are inferred
from the stresses and porosities.

Theory

Each strip of synthetic substrate was assumed to be
an elastic bending beam. Standard bending theory was
applied, which relates the forces acting on a beam with
the actual deflection of the beam itself, as detailed in
the appendix. The forces acting on the surface, causing
the deformation, could then be calculated if the Young’s
modulus of the substrate is known. We made four main
assumptions: (i) the weight of the substrate was
negligible when compared with the forces acting on its
surface, (ii) the mechanical properties of the substrate
do not change during the drying of the coating layer,
(iii) the substrate acts perfectly elastically in the direc-
tion of curl, and (iv) the resistance to bending of the
drying coating color layer, which is 5-10 µm thick, is
negligibly small when compared to that of the 100-µm-
thick substrate.

If both the theory and assumptions are correct, then
the equations derived in the appendix show that the
bending moments should act to curl the samples into
shapes following the arcs of circles in the xz plane. The
bending did indeed cause such shapes exactly to within
the precision of the measurement method.

Clearly, there were structural transitions within the
coating itself because it acted as a stress deliverer, and
it is these that form the main subject of the investiga-
tion.

Materials

Substrate. The synthetic substrate was a synthetic
laminate, Synteape8 (Arjo Wiggins), made by filling
polypropylene with calcium carbonate and stretching it.
Its slightly rough surface allowed the coatings to adhere.
Its elastic behavior was shown to be anisotropic because
of the stretching in one direction during the last stage
of its manufacture. It was found necessary to cut the
strips parallel to this stretch direction to establish a
reproducible elastic behavior. The strips were formed
4.5 cm long (x axis) and 0.5 cm wide (y axis). The
thickness of the substrate was 100 µm and its elastic
modulus 1.73 GPa.

Pigments. The pigments were based on GCC. This
choice of pigment avoided complications such as the
anisotropy of clay platelets and the acicularity of ara-
gonitic PCC.9 The GCC was a dispersed limestone from
Orgon, France, ground to two particle size ranges,
named Hydrocarb 60 and Hydrocarb 90 (Omya AG,
Oftringen, Switzerland). The samples contained respec-
tively 60% and 90% (w/w) of particles with diameter <2
µm and with a maximum diameter of around 5 µm.

For a control experiment, the GCC was substituted
by a polystyrene pigment with very fine monosize
particles, 98% in volume with a diameter less than 0.5
µm (DPP 3710, Dow Chemical, Midland, MI).

Binders. The binder for each sample was selected
from one of the following: (i) thermally modified maize
starch C-film 07321 (Cerestar, Haubourdin, France); (ii)
high glass transition temperature (Tg ) 23 °C) acrylic
latex Acronal S320D in the form of spherical particles
of diameter 0.2 µm (BASF, Berlin, Germany); (iii) high-
Tg (22 °C) SB latex DL940 (Dow Chemical, Midland, MI)
with spherical particles of diameter 0.14 µm; (iv) low-
Tg (5 °C) SB latex DL930 (Dow Chemical, Midland, MI)
with spherical particles of diameter 0.15 µm.

Both latex types are designed for stability in the
presence of calcium ions, and so the different chemical
nature of the acrylic and SB latexes was assumed not
to interfere with the study.

The minimum film-forming temperatures are given
by the manufacturers as 1 °C above Tg. Therefore, the
low-Tg latex was expected to film-form, as much as the
coating structure would allow, at the temperature of the
experiment (20 ( 1 °C), whereas the high-Tg latexes
were not expected to film-form.

Thickness and Composition. The strips were coated
using two different draw-down rods: rod 2 (applying
about 10 g m-2 of dry coating corresponding to a dry
coating layer thickness of about 5 µm) and rod 3 (about
20 g m-2 and 10 µm, respectively).

Two different compositions were used, either 10% or
25% (w/w) binder on a dry basis, with the remaining
being pigment. The 25% (w/w) value is above the
maximum binder concentration used in commercial
paper coating [typically less than 20% (w/w)] but is
included here to demonstrate the independence of the
method to critical pigment volume concentration when
emulsion polymers are used. Experiments were per-
formed on (i) binders only, (ii) pigment and dispersants
only, and (iii) pigment, binders, and dispersants.

Apparatus and Method

The apparatus is shown in Figure 1. The freshly
coated strip was clamped at one end and allowed to
deform in the vertical xz plane. As deformation pro-
gressed, the extent of curl was photographed and the
reading on the microbalance noted. Experiments were
carried out at 20 ( 1 °C and ambient humidity. It was
not necessary to control the humidity because the extent
of bending was measured as a function of weight rather
than time.

Figure 1. Apparatus.
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The porosities of the samples were measured by
mercury porosimetry. Porosities were corrected for
sample compression by applying the equation of Gane
et al.,10 incorporated into the software Pore-Comp:

where Vint is the volume of intrusion into the sample,
Vobs the intruded mercury volume reading, δVblank the
change in the blank run volume reading, Vbulk

1 the
sample bulk volume at atmospheric pressure, P the
applied pressure, Φ1 the porosity at atmospheric pres-
sure, P1 the atmospheric pressure, and Mss the bulk
modulus of the solid skeletal material.

Results

Stresses. Using the theory described in the appendix,
extents of curl were converted to shrinkage force per
unit of coated area, i.e., shrinkage stress, τ. Weight
losses were expressed as percentage of weight loss
relative to the time infinity asymptote. Figures 2 and 3
show the results obtained for five replicates for two
different coating formulations. To represent clearly the

results for each different coating color formulation, only
the results from the replicate closest to the curve fitting
the experimental points (replicate 3 in both Figures 2
and 3) were chosen as representative of the behavior of
the sample. The average deviations of the experimental
points from these curves, relative to the maximum value
of the representative curve, were 3.3% and 3.5%,
respectively. The same procedure was repeated for each
curve shown in Figures 4-13.

First we consider the control experiments containing
singly each component of the coating color. The bending

Figure 2. Hydrocarb 90 with 25% high-Tg acrylic latex and low
coating weight.

Figure 3. Hydrocarb 90 with 25% starch and low coating weight.

Vint ) Vobs - δVblank + [0.175(Vbulk
1 ) log(1 + P

1820)] -

Vbulk
1 (1 - Φ1){1 - exp[(P1 - P)

Mss
]} (1)

Figure 4. CaCO3 slurries only; latexes only.

Figure 5. Hydrocarb 60 (coarse) with high-Tg acrylic latex.

Figure 6. Hydrocarb 90 (fine) with high-Tg acrylic latex.
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of the samples coated with CaCO3 slurry or with the
latex suspensions alone at low coat weight (using rod
2) was too rapid and too small to be observed with the
apparatus. A starch suspension on its own in this
experimental setup did not adhere only to the Synteape
substrate, but rather it spilled over the sides by edge-
wetting capillary forces, fixing the substrate strip to the
pan of the microbalance, so that no bending was
observed.

Figure 4 shows the results for the CaCO3 slurries at
higher coat weight (rod 3) without binder. The stresses

reached a peak of about 50-60 Pa in the case of the
finer mineral pigment (Hydrocarb 90) and 30 Pa in the
case of the coarser one (Hydrocarb 60). As the weight
loss continued, the stresses in the samples returned to
zero. Also shown in Figure 4 are the control experiments
with binder suspensions only. The high-Tg latexes gave
rise to a maximum stress of about 50-60 Pa and
ultimately no stress retention, while the low-Tg latexes
showed a smaller stress peak value (30 Pa) and a very
small stress retention.

Figure 7. Hydrocarb 60 (coarse) with high-Tg SB latex.

Figure 8. Hydrocarb 90 (fine) with high-Tg SB latex.

Figure 9. Hydrocarb 60 (coarse) with low-Tg SB latex.

Figure 10. Hydrocarb 90 (fine) with low-Tg SB latex.

Figure 11. Hydrocarb 60 (coarse) with starch.

Figure 12. Hydrocarb 90 (fine) with starch.
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The graphs in Figures 5 and 6 show the results for
complete coating colors. All of the samples contain the
high-Tg acrylic latex. It can be seen that the stresses
are insensitive to the coat weight and hence the thick-
ness of the coating layer. The amount of latex affected
the two different mineral pigments in opposite ways.
In the case of the coarser pigment, Figure 5, the
maximum stress was around 20 Pa in the case of low
binder content and 45-55 Pa in the case of high binder
content. For the finer pigment, Figure 6, the maximum
stress was very low (11 Pa) for higher binder content
and about 50-60 Pa for the lower binder content. In
all of these cases, with the high-Tg acrylic latex there
was minimal stress retention at the end of the drying
process.

Figures 7 and 8 show the results for the pigments
together with the high-Tg SB latex. The stresses were
relatively insensitive to the thickness of the coating
layer and the amount of binder used. There was a small
but significant difference between the maximum stress
for the coarse calcium carbonate (50-60 Pa), Figure 7,
and the fine calcium carbonate (80-90 Pa), Figure 8,
as was seen for the CaCO3 slurries alone. There was
once again minimal stress retention for a high-Tg latex.

Figures 9 and 10 show the results for CaCO3 in the
presence of a low-Tg SB latex. The coarser mineral
pigment (Figure 9) shows similar trends for similar
coating compositions, with the coatings prepared with
25% (w/w) latex showing maximum stresses far larger
than those with 10% (w/w). The coating thickness had
relatively little effect. Figure 10 shows a mixed behav-
ior: at a low percentage of weight loss, the shrinkage
stress is determined by the amount of binder, whereas
at higher weight loss, the effect of coating weight
becomes more important. The most significant differ-
ence is that all of the samples containing the low-Tg SB
latex stayed curled indefinitely and retained between
39% and 96% of the maximum stress during drying.

Figures 11 and 12 show the stresses measured on

drying of colors bound with starch. The stresses are an
order of magnitude higher than those with latex, and
unlike in the cases of slurry only or with latex, those
with the coarser calcium carbonate (Figure 11) are
higher than those with the finer (Figure 12). The
stresses are highly dependent on the coating weight.
The amount of starch is seen to affect the coarse
pigment samples (Figure 11) but not the fine (Figure
12). All of the samples show a high degree of stress
retention, up to 100% of the maximum stress.

As a final control experiment, to test potential inter-
action phenomena and the effect of the particle size
distribution, the broad size distribution calcium carbon-
ate pigments were replaced by the monosized polysty-
rene pigment DPP 3710, Figure 13, with either 25% (w/
w) low-Tg SB latex or 25% (w/w) starch. Unlike the case
of starch-containing CaCO3-based colors, the thickness
of the coating layer did not affect the stress acting upon
drying. The maximum stress measured was 230-260
Pa in the case of starch-containing coating colors and
45 Pa, with a stress retention of about 30 Pa on drying,
in the case of low-Tg latex-containing coating colors.

Porosities. The porosities of the dry samples, mea-
sured as described above, are shown in Table 1.

Discussion

The porosities of the dry samples, Table 1, all de-
creased upon an increase of the coating weight and layer
thickness from rod 2 to rod 3, an effect also observed
by other workers.11 The thinner coating layers had a
thickness of the same order of size as the largest
particles in the layer, and so packing was constrained
with respect to the lack of movement of the largest
particles. In the thicker coatings, there was a greater
possibility of particle movement during drying, and the
resulting more efficient packing gave a lower porosity.

Now let us consider the control experiment with the
calcium carbonate only, Figure 4. As water evaporates
from the structure, menisci recede through it and exert
capillary forces. Summed over the whole sample, these
forces rise to a stress of nearly 60 Pa between the finer
Hydrocarb 90 particles (smaller capillaries and hence
high forces) and 30 Pa between the coarser Hydrocarb
60 particles. There is nothing to retain the stress, which,
therefore, disappears completely as the sample dries.

Latex on its own produced shrinkage stresses of
between 50 and 70 Pa for high-Tg latex and 30 Pa for
low-Tg latex. So, menisci forces acted among these
arrays of spheres but, as expected, were relieved by the
deformability and film-forming tendencies of the low-
Tg latex. Starch on its own could not be measured on
the current apparatus. However, this is a dissolved
binder, and therefore any shrinkage would be due to
the shrinkage of the tertiary structures of the polymer
chains, a factor not relevant to the mixed polymer
carbonate systems that are the focus of this work.

Deducing the processes occurring in the pigment
systems with binder is much more difficult because

Table 1. Porosities of Dry Samples Measured by Mercury Porosimetry at Indicated Coating Weights

high-Tg acrylic latex high-Tg SB latex low-Tg SB latex starch

sample low high low high low high low high

HC60 + 10% binder 26.1 24.8 30.8 25.8 21.8 18.7 17.4 15.7
HC60 + 25% binder 19.8 18.9 24.2 19.6 14.2 12.8 14.3 8.0
HC90 + 10% binder 38.4 24.5 39.9 32.2 28.5 24.9 26.5 22.5
HC90 + 25% binder 37.7 23.2 35.1 21.9 15.5 13.9 17.0 10.2
DPP + 25% binder 42.5 33.2 19.3 17.7

Figure 13. DPP polystyrene pigment with either low-Tg SB latex
or starch.
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there is no way of measuring the void structures at the
FCC. From the definition of SCC, we can assume that
the SCC skeletal structure is the same as that of the
dry sample. So, we have to make educated guesses of
the FCC structures and match the change from the
guessed FCC to the known SCC with the experimental
stress and porosity results.

First we compare the Hydrocarb 60 results in Figure
4 (3) with all of those in Figure 5. It can be seen that
the addition of 10% high-Tg acrylic latex reduced the
maximum stress from around 30 Pa to around 20 Pa,
whereas increasing the amount of latex to 25% in-
creased the maximum stress to between 40 and 50 Pa,
dependent on the coating thickness. A possible cause
of this is that the binder particles, which are around
an order of magnitude smaller than the Hydrocarb 60
particles, create their own secondary porosity. This
secondary porosity increases the meniscus forces and
hence stresses during shrinkage. However, in doing this,
the binder fills gaps within the porous structure. So,
increasing the binder concentration from 10% to 25%
reduces the porosity from around 25% to around 19%,
Table 1.

For the finer Hydrocarb 90, with a low coat weight,
there are very high porosities of around 38%, Table 1,
but increasing the amount of binder from 10% to 25%
has little effect. An explanation is that the Hydrocarb
90 particles are finer and more similar in size to the
binder, so that there is no dual-porosity system, as was
formerly postulated for the coarser pigment system. The
binder and pigment particles pack to give a very open,
highly porous structure of 38% or 25% porosity at 10%
binder, with stresses similar to those in the Hydrocarb
90 slurry, Figure 4 (9), and around 3 times larger than
those for Hydrocarb 60 alone. However, unlike Hydro-
carb 60, increasing the amount of binder makes the
stresses disappear. This suggests that the binder acts
to prevent a change in structure between FCC and SCC,
although the exact mechanism of this is unclear.

The contribution made by the chemical rather than
physical properties of the latex can be inferred by
substituting the second high-Tg latex. Comparison of
Figures 7 and 8 with Figures 5 and 6 shows that the
stress effects are broadly similar, except that the
dependence on the amount of binder is now much
reduced. Table 1 shows that the porosity effects are also
broadly similar for the two types of high-Tg latexes.

Figures 9 and 10 show that the effect of the film-
forming low-Tg SB latex is very different. All of the
samples now retain the stress when dry. For the coarser
Hydrocarb 60, Figure 9, the amount of binder matters
but not the coat weight. For the finer Hydrocarb 90,
Figure 10, both the amount of binder and the coating
weight have an effect. We postulate that the first part
of the drying process follows the same mechanism as
that for the high-Tg latexes. However, when the FCC
has been reached, the latex particles, which are above
their minimum film-forming temperature, begin to
deform. Being more compressible than the high-Tg latex
particles under the forces of capillary action, they allow
the deformation of the coating layer (and hence bending
of the substrate). The FCC and SCC structures are,
therefore, significantly different from each other in both
structure and porosity than those for the high-Tg case.
Once the structure has reached the SCC, the deformed
latex retains a high fraction of the stress. The latex film

occludes much of the pore structure, giving the lower
porosities relative to the high-Tg latexes seen in Table
1.

Figures 11 and 12, when compared to the previous
graphs, show that the addition of starch increases the
stress by more than an order of magnitude relative to
the addition of latex. For the coarser Hydrocarb 60, the
stress depends on both the coating weight and the
amount of added starch, whereas for the finer Hydro-
carb 90, Figure 11, only the coating weight is important.
An explanation is that partial adsorption of the starch
on the pigment particles12,13 and/or the relative solubil-
ity effect14 causes a depletion flocculation of the pigment
particles, producing an open, loosely packing structure
in which groups of flocs touch one another. The lack of
close packing reduces the effective number of fine
capillary-like voids in the drying coating at the initial
FCC. However, once the surface menisci form, the loose
floc packing at FCC transforms to the tighter SCC
packing as shown by the lower values of dry porosity,
Table 1. The change in dimension from loose to tight
packing in this system is large, and so the measured
stress is correspondingly high.

If a monosized plastic pigment rather than a broad
particle size distribution mineral pigment is used,
Figure 13, starch produces much lower stresses. This
indicates that there is a similarity between FCC and
SCC structures when monosized pigments are used and
also suggests that with broad size particle distributions
there is selective flocculation of different particle sizes
of the mineral. With low-Tg SB latexes, the stresses
formed in the plastic pigment-containing color are much
the same as when CaCO3 is present, although the
structures have even higher porosities, Table 1. All
samples retain stress, as expected.

Conclusions

We have presented a novel, indirect method of mea-
suring the stresses in paper coatings that occur as the
coating dries.

Latex with a glass transition temperature and film-
forming temperature below the temperature of the
experiment deformed and retained the stress, manifest
in sample strips that remained curled. The results
suggested that coarse calcium carbonate particles re-
quired a thicker, 10 µm, layer in which to rearrange
between the FCC and SCC. Starch produced much
higher stresses than latex following flocculation at the
FCC. Substitution of the calcium carbonate pigment
with a plastic pigment with particles within a narrow
size range reduced the stresses.

The results confirm that the shrinkage phenomena
affecting the optical and printing properties of coating
color formulations prepared using natural binding
systems are far larger than those observed for synthetic
binding systems. For the first time, the dynamics of such
shrinkage phenomena have been observed and quanti-
fied.

Despite these useful conclusions and deductions,
several questions about the subtle effects of the layer
thickness and packing remain unanswered. So, we are
in the process of studying the entire mercury intrusion
curves rather than just their corrected high-pressure
asymptotes, of examining the structures by electron
microscopy, of measuring the viscosities of the slurries
before application to determine wet-state interactions,
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and of modeling the drying process using a simulated
three-dimensional void network.

Appendix15

Beam Theory. An outline of the elementary beam
theory is presented as a guideline for carrying out the
full derivation of the working equation for the present
experiment.

The elementary beam theory gives

where M is the bending moment (the torque which
develops in a loaded beam as shown in Figure 16), E is
the elastic or Young’s modulus (the ratio between the
stress applied and the subsequent strain), I is the second
moment of inertia (a geometrical property of a beam
related to its ability to resist bending) related to the z
axis (with z as indicated in Figure 14), and R is the
radius of curvature of the deformed beam.

Effect of the Coating Layer. It is possible to
assume that the coating gives rise to a total surface
traction T and, hence, to a bending moment M ) Td,
where 2d is the thickness of the beam. From eq A-1

where I ) b(2d)3/12, b is the width of the beam, and
the product EI is called the “beam stiffness”.

Radius of Curvature of the Bending Beam. For
a generic function y ) f(x), the radius of curvature is

where z′ ) dz/dx and z′′ ) d2z/dx2. For small z′, 1/R =
z′′. If we have a circular deformation through (x0, z0),
then

Equations A-3 and A-4 are consistent if z0
2 . x0

2, i.e.,
for small deformation.

If a deflection z0 is measured, substituting from eq
A-2:

If x0, z0, and EI are known, T can be calculated from eq
A-5. The stress acting on the surface of the beam can
be calculated as τ ) T/bx0. Because T ∝ I ∝ b, the stress
τ is independent of the strip width b.

Evaluation of the Stiffness of the Beam EI. The
standard beam theory is also helpful if the stiffness of
the beam is unknown. The deflection of the strip is
measured because of its own weight, as shown diagram-
matically in Figure 15. The effect of the sample weight
is assumed to be negligible when compared to the stress
caused by the drying coating layer but is nevertheless
enough to cause a small deflection. Then it is possible
to determine the value of the product EI.

For each section of the beam between x and x + dx
(Figure 16), the elementary beam theory gives dM/dx
) S and dS/dx ) -w, where w is the weight per unit of
length, M is the bending moment, and S is the shear
force.

Setting 1/R = z′′ and eliminating S from the previous
equations, eq A-1 gives

Successive integrations lead to

The boundary conditions are

This leads to

For x ) x0, eq A-9 will become

Finally
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